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We performed Monte Carlo simulations for the homogeneous nucleation on supersaturated Lennard–Jones vapor
phase to estimate the equation of state for free energy of the nucleation.  The calculations were performed on each system
with a fixed number of particles.  The initial configuration was distorted cubic lattice. The sample was cooled to low tem-
perature, where all particles become a cluster.  In the second stage it was heated enough to vaporize; the monomer phase
was obtained.  In the third run, the stabilized cluster was heated under the condition that the cluster was not allowed to
decompose.  In the last run, the system was cooled from initial monomer phase with a condition that the particles were
not allowed to make any connections.  Helmholtz free energies of the cluster and the monomer phase were obtained by
thermodynamic integration.  The obtained size of critical nucleus was comparable to the results of the molecular dynam-
ics simulation.

 

Model of Homogeneous Nucleation

 

Supersaturated vapor generates various sizes of nuclei.  If
the generated nucleus was smaller than a certain size, the nu-
cleus should collapse and disappear.  On the other hand, the
larger nucleus should grow into a liquid droplet.  The genera-
tion of the critical nucleus is the initial stage of vapor–liquid
phase transition, and the size of critical nucleus and the free
energy of nucleation are important factors for the growth of the
liquid droplet.

The studies on the homogeneous nucleation with computer
simulations have been widely performed.  Yasuoka and
Matsumoto carried out large-system ensemble molecular dy-
namics (MD) simulations and estimated the size of critical
nucleus and the free energy of nucleation from the cluster size
distribution.

 

1,2

 

  Oh and Zeng reported cluster size dependence
of the nucleation energy by constrained Monte Carlo (MC)
simulations in which they applied an upper limit of the cluster
size.

 

3

 

  They also performed small-system grand canonical en-
semble MC method in which the cluster-vapor interaction is
effectively taken into account.

 

4

 

  Wolde and Frenkel obtained
the nucleation energy by umbrella sampling.

 

5

 

  Kusaka and
Oxtoby suggested an approach to cluster simulation without a
cluster criterion that determines for each particle whether it
belongs to cluster or vapor phase for instantaneous configura-
tion.

 

6

 

In this study we suggest a simple model for estimation of
the nucleation energy.  Figure 1 gives a summary of the model.
In the upper figure, a conventional large-system model that
contains large number of target particles, and according to cir-
cumstances, carrier gas particles, and the small-size nuclei
have grown spontaneously in the supersaturated vapor phase.
On the other hand, in the lower figure, we focus a certain num-
ber of particles 

 

N

 

, and put 

 

N

 

 target particles without any carrier

gas particles into the system.  Here, two extremes are supposed
for the system: namely, cluster phase and monomer phase.
The former is a state in which all particles in the system are
connected together as a unity cluster, and in the latter all parti-
cles are scattered.  When the free energies of the cluster phase
(

 

G

 

cluster

 

) and the one of the monomer phase (

 

G

 

monomer

 

) were ob-
tained independently, their difference 

 

∆

 

G

 

 gave the free energy
of 

 

N

 

-particle nucleation:

 

∆

 

G

 

 

 

=

 

 

 

G

 

cluster

 

 

 

−

 

 

 

G

 

monomer

 

. (1)

 

Fig. 1.   The process of 

 

N

 

-particle nucleation in the large sys-
tem that includes the carrier gas particles is modeled as the
nucleation of the whole particles in the 

 

N

 

-particle system.
The circles indicate the target gas particles, and the shad-
owed circles the nucleated particles.  Though the dots indi-
cate the carrier gas particles in the conventional model, it is
not included in our model.
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It is already reported that this model effectively obtains the
free energy of homogeneous nucleation.

 

7

 

  In this study, we es-
timated the equation of state for the nucleation free energy and
we discuss the temperature dependence of the size of the criti-
cal nucleus and some other properties.

 

Monte Carlo Procedures

 

We used Lennard-Jones (LJ) 12-6 potential for the two-
body interaction

(2)

and the LJ parameters in reduced units: 

 

σ

 

 for length and 

 

ε

 

 for
energy.  Volume per particle 

 

V

 

/

 

N

 

 is a constant value 43.2 

 

σ

 

3

 

.
This value corresponds to the one in supersaturated vapor
phase and was used in recent molecular dynamics simulations
by Yasuoka and Matsumoto.

 

1,2

 

  Figure 2 shows the relationship
between the system density and liquid-vapor coexistence curve
on density-temperature plane.  The curve is based on an equa-
tion of state derived by Nicolas et al.

 

8

 

  The number of particles

 

N

 

, for which we focused respective values, is set between 2 up
to 80.  The basic cell that contains 

 

N

 

 target particles and no
carrier gas particles is cubic, and in which we adopted periodic
boundary conditions for all three dimensions.  The cut-off dis-
tance of LJ interaction is a half of cell length and a correction
term is adopted for contributions from more distant particles.

The detailed procedure of MC simulations is shown here.
As we stated above, the cluster phase and the monomer phase
should be obtained independently for the purpose of this study.
Then, we performed four series of MC calculations: namely,
cluster stabilization process, phase transition system, cluster
phase system, and monomer phase system.  The first stage,
cluster stabilization, is preparation of the phase transition sys-
tem and the cluster phase system.  An initial configuration was
chosen among distorted sc, bcc, or fcc lattice by the number of
particles.  If the lattice was not filled by 

 

N

 

 particles, the de-
fect(s) was (were) inserted into the lattice site(s).  Starting with
the initial lattice, the particles were stabilized as a cluster by
cooling MC calculation.  From the initial temperature 0.20 

 

ε

 

/

 

k

 

,
the system was cooled to 0.01 

 

ε

 

/

 

k

 

 by 0.01 

 

ε

 

/

 

k

 

 steps.  We calcu-
lated at least 4 million MC steps severally for averaging and

statistics at each temperature: where we regarded one MC step
as 

 

N

 

 trial movements.
The second stage is phase transition system.  The stabilized

cluster that was created during the previous stage was heated
up from 0.01 to 1.00 in 0.01 

 

ε

 

/

 

k

 

 steps.  One million MC steps
were calculated for averaging and statistics on each tempera-
ture.  The cluster decomposed to monomer phase (the supersat-
urated vapor) at a certain temperature.  Cluster phase system,
the third stage, also used the stabilized cluster as an initial con-
figuration and was heated up similarly.  However, the cluster
decomposition, i.e. leaving of any particle from the cluster, is
prohibited in this stage.  We applied Stillinger’s cluster
criterion

 

9

 

 for the purpose.  According to Stillinger’s criterion,
any two particles are connected if their center-center distance
is less than a threshold distance.  After each MC trial, we ex-
amined the new configuration to check whether all particles of
the system are mutually connected.  If the new configuration
was not considered as a unity cluster, it was rejected before the
Metropolis judgment.  The threshold distance is 1.5 

 

σ

 

, which
has been used in several studies and corresponds to the first
minimum of pair correlation function of cluster (or bulk liquid)
phase, see Fig. 3.  Superheated cluster phase is obtained in the
third stage.

The final stage obtains monomer phase system.  Contrary to
the cluster phase system, any connections should be refused in
this stage.  That is to say, all combinations of center-center dis-
tances should be longer than 1.5 

 

σ

 

 at every MC trials.  Starting
with initial temperature 1.00 

 

ε

 

/

 

k

 

, the system was cooled to 0.01
in 0.01 

 

ε

 

/

 

k

 

 steps.  Supercooled monomer phase is obtained in
this stage.  Figure 4 shows sample snapshots of the stabilized
cluster, decomposed monomer phase on the phase transition
system, superheated cluster phase, and supercooled monomer
phase on a 32-particle system.

 

Free Energy Estimation

 

We estimated the free energy as an interaction term of
Helmholtz free energy

 

A

 

e

 

 

 

=

 

 

 

U

 

e

 

 

 

−

 

 

 

TS

 

e

 

, (3)

 

Fig. 2.   Relationship between fluid-vapor coexistence curve
and the system density.
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Fig. 3.   Pair correlation function at several temperatures on a
32-particle system.  Though the pair correlation function is
usually normalized by random distribution, no normaliza-
tion is performed in the figure.  The peaks disappear be-
tween temperature 0.51 to 0.61 

 

ε

 

/

 

k

 

.
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where 

 

U

 

e

 

 means an average value of interaction energy of the
system, 

 

T

 

 temperature and 

 

S

 

e

 

 an interaction term of entropy.
During the MC calculation, 

 

U

 

e

 

 can be easily obtained as the
sum of two-body interaction energies as

 

10,11

 

(4)

However, there are some difficulties in obtaining 

 

S

 

e

 

. We esti-
mated the interaction entropy as follows:

 

12

 

(5a)

(5b)

(6)

We adopted numerical differentiation (Eq. 5a) or the fluctu-
ation (Eq. 5b) of the interaction energy for heat capacity esti-
mation, and numerical integration (Eq. 6) of the heat capacity
for entropy estimation.  Here, in Eq. 6, each temperature inter-
val of the numerical integration 

 

∆

 

T

 

 is 0.01 

 

ε

 

/

 

k

 

, and the lower
end of the calculated temperature 

 

T

 

0

 

 is also 0.01 

 

ε

 

/

 

k

 

, thus

(7)

Accordingly, the entropy obtained in this study is a relative
value that has the same starting point as the heat capacity at 

 

T

 

=

 

 0.01 

 

ε

 

/

 

k

 

.
When the free energies of the cluster phase 

 

A

 

e

 

cluster

 

 and
monomer phase 

 

A

 

e

 

monomer

 

 were obtained independently, the
free energy change 

 

∆

 

A

 

 that accompanies with cluster forma-
tion is obtained as

 

∆

 

A

 

 

 

=

 

 

 

A

 

e

 

cluster

 

 

 

−

 

 

 

A

 

e

 

monomer

 

. (8)

Though the ideal gas term was neglected in Eqs. 3–7, such ef-
fects were negated by subtraction in Eq. 8.  Therefore, the ne-

glect is adequate for the purpose of 

 

∆

 

A

 

 estimation in this study.

 

Monte Carlo Results

 

Both interaction energy and entropy increase in proportion
to the number of particles in a sufficiently large system.  Ac-
cordingly, we discussed about the thermodynamic quantities as
values per particle.

As an example of MC results, the thermodynamic quantities
of a 32-particle system are shown below.  Figure 5 shows aver-
aged interaction energy per particle versus temperature.  In the
phase transition system, the stabilized cluster decomposes to
monomer phase at a certain temperature that depends on the
number of particles.  The transition temperature is ca. 0.57 

 

ε

 

/

 

k

 

in the 32-particle system.  Though the equilibrated value of the
decomposed monomer phase in the phase transition system
should correspond to a value of the monomer phase system,
they did not agree.  As we stated above, each inter-particle dis-
tance was restricted to be longer than 1.5 

 

σ

 

 in the monomer
phase system, yet the restriction was not applied in the phase
transition system.  From this difference of condition, it is con-
jectured that the equilibrated interaction energy of the two sys-
tems would disagree.  The monomer phase system gives an
ideal monomer phase; however, we considered that the decom-
posed monomer phase in the phase transition system is more
close to the real system.  Accordingly, we corrected the curve
of the monomer phase system to agree with the equilibrated
value of the decomposed monomer phase in the phase transi-
tion system.  Moreover, this correction aims to create a relation
between the cluster phase system and the monomer phase
system.

Figure 6 is the interaction term of heat capacity that is ob-
tained from Eqs. 5a or 5b.  In the figure, the results of phase
transition system, cluster and monomer phase system are each
shown.  On the phase transition system, the temperature that
indicates the maximum heat capacity corresponds to the clus-
ter-monomer phase transition temperature 0.57 

 

ε

 

/

 

k

 

.
The interaction entropy is shown in Fig. 7.  Then, the cor-

rections for the interaction energy were also adopted for the
curves of monomer phase system.  In the figure, we confirmed

 

Fig. 4.   Snapshots at the end of the four stages.  The configu-
rations of 32-particle system are shown as an example.
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Fig. 5.   Interaction energy Ue per particle versus temperature
plots on 32-particle system.  On the phase transition sys-
tem, the cluster decomposed to monomer phase at temper-
ature ca. 0.57 ε/k.
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the equality of entropy from the two ways of the heat capacity
estimation (Eqs. 5a and 5b).  Accordingly, we decided to adopt
the numerical differential of interaction energy for estimation
of heat capacity.

The interaction term of Helmholtz free energy is shown in
Fig. 8a.  The intersection of the curves of cluster phase and
monomer phase indicates the phase transition temperature,
which is 0.55 ε/k at 32-particle system.  Figure 8b is a magnifi-
cation of the curves near the phase transition temperature.  On
the phase transition system, the cluster decomposes gradually
over a certain range of temperature that is centering around the
transition temperature since that configuration had no restric-
tions.  Accordingly, a peak of the heat capacity on the phase
transition system does not always agree with the intersection

of the curves of monomer and cluster phase system.  The com-
parison of phase transition temperature between the peak of
the heat capacity and the intersection is shown in Fig. 9.

Fig. 6.   Interaction term of heat capacity per particle versus
temperature plots.  The results of the phase transition sys-
tem (the upper figure), monomer and cluster phase system
(lower) are shown.

Fig. 7.   Interaction entropy per particle versus temperature
plots.  On the three series of simulations, the curves from
two ways of heat capacity calculation are nearly agreed.
The curves of monomer phase are corrected to agree with
the decomposed monomer phase, as similarly to the inter-
action energy on Fig. 5.

Fig. 8.   (a) Interaction term of Helmholtz free energy per par-
ticle versus temperature plots on 32 particles system.  The
whole range of temperature is figured (the upper figure).
(b) Helmholtz free energy magnified nears the phase tran-
sition temperature. The curve of monomer phase system
and the cluster one have intersected at temperature 0.55 ε/k
(the lower figure).

Fig. 9.   Cluster-monomer phase transition temperature Tt ver-
sus number of particles plots.  The circles are led from the
peak of heat capacity on each numbers of particles (like
Fig. 6 upper), and the squares the intersection of the curves
of cluster and monomer phase system (like Fig. 8).  The
solid curve shows the equation of state, discussed below.
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Equation of State

The interaction energy Ue, the interaction entropy Se, the in-
teraction term of Helmholtz free energy Ae, and the free energy
change between monomer and cluster phase ∆A can be de-
scribed as a function of temperature and number of particles.
We designed an equation of state (EOS) for the nucleation en-
ergy ∆A as following four approximated functions:13,14

(9a)

(9b)

(9c)

(9d)

The functions are power series for convenience.  The ex-
pression for the interaction energy of cluster phase system (Eq.
9a) is a type of high-temperature expansion for the purpose of
accuracy of approximation.  The expressions for monomer
phase system (Eqs. 9c and 9d) depend only on the number of
particles, because there is little dependence on temperature ex-
cept for the two end values of the simulated temperature.  The
averaged values at intermediate temperature are used for such
fittings.

The interaction entropy is derived from the interaction ener-
gy through the interaction heat capacity, which is followed by
Eqs. 5a and 6.  Accordingly, the EOS should be described by
only two approximated functions, i.e. for cluster and for mono-
mer phase system.  In this study, however, we suggested four

functions that treated the interaction energy Ue and the interac-
tion entropy Se separately.  In the case of monomer phase sys-
tem, we assumed that the approximated function for the inter-
action energy had no temperature dependence; then the heat
capacity and entropy should been zero through the temperature
differentiation in Eq. 5a.  Accordingly, the function of the en-
tropy should be described separately from that of the interac-
tion energy, and we used the equilibrated values of the decom-
posed monomer phase in the phase transition system instead of
the one of the monomer phase system.  On the other hand, Ue

and Se of the cluster phase system were not approximated suc-
cessfully by an equation.  This may be due to the error from
the limited MC step and the dispersion of MC results that is
due to treating the metastable phase, superheated cluster.

The coefficients a, b, a′ and b′ are determined by least-
squares fittings.  The fitting algorithm is Modified Gram–
Schmidt method.13–15  Table 1 shows the obtained values of the
coefficients.

As results of the least-squares fittings, we obtained relative
deviations of the approximated functions as follows:

(10a)

(10b)

(10c)

(10d)

Figures 10–14 show the results of the least-squares fitting.
The circles, triangles or squares are MC results, and the solid
curve is the EOS.  It can be seen that the EOS curves well re-
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Table 1.   Optimized Coefficients a, b, a′ and b′ in Eqs. 9a–9d

m n amn m n amn m n amn m n amn

−2

−1 −2.191E−09

−1

−1 −1.974E−07

0

−1 7.528E−07 −1 −5.752E−07
0 4.542E−07 0 3.957E−05 0 −1.430E−04 0 9.862E−05
1 −3.193E−05 1 −2.620E−03 1 8.447E−03 1 −4.404E−03
2 9.597E−04 2 7.106E−02 2 −1.750E−01 1 2 6.912E−03
3 −3.071E−02 3 −5.011E+00 3 1.693E+01 3 −1.537E+01
4 5.673E−02 4 4.044E+00 4 6.613E+00 4 −3.149E+01
5 −4.054E−02 5 2.417E−01 5 −2.549E+01 5 5.267E+01

p q bpq p q bpq p q bpq m′ a′m′ p′ b′p′

−2

−6 5.841E−01

−1

−6 −2.167E+01

0

−6 4.273E+01 −2 −2.316E−01 −2 3.761E+01
−5 1.581E+01 −5 −3.300E+01 −5 7.734E+00 −1 4.057E−01 −1 −4.462E+01
−4 −3.646E+00 −4 1.320E+01 −4 −1.217E+01 0 −2.650E−01 0 1.547E+01
−3 4.375E−01 −3 −1.937E+00 −3 2.143E+00
−2 −2.487E−02 −2 1.204E−01 −2 −1.418E−01
−1 6.879E−04 −1 −3.488E−03 −1 4.233E−03

0 −8.746E−06 0 4.552E−05 0 −5.612E−05
1 3.951E−08 1 −2.087E−07 1 2.595E−07

E−01 means 10−1.
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produce the MC results.
As we already stated, we assumed two approximated func-

tions for interaction energy and interaction entropy for the
cluster phase system separately.  Figure 14 shows the compari-
son between the two functions of the cluster; the interaction
entropy that derived from the equation of interaction energy
(Eq. 9a) by using Eqs. 5a and 6, and the expression of interac-
tion entropy (Eq. 9b).  Since the two curves agree on the
whole, we confirmed the consistency of separately treating for
cluster phase system with the two equations.

Figure 15 shows the critical values that were obtained by
EOS.  In the upper figure, the solid curve is the size of the crit-
ical nucleus and the dashed curve is the Helmholtz free energy
of the critical nucleus.  Both curves simply increase against the
temperature.  Additionally, the Helmholtz free energy is a
combination of the internal energy term and the entropy term:

∆A = ∆U − T∆S, (11)

∆U = Ue
cluster − Ue

monomer, (12)

∆S = Se
cluster − Se

monomer. (13)

Fig. 10.   Fitting results for cluster phase.  Interaction energy
and interaction entropy are shown versus temperature as
values per particle.

Fig. 11.   Fitting results of monomer phase; Ue/N and Se/N
versus number of particles.  The circles and triangles are
the equilibrated values at the each numbers of particles.

Fig. 12.   Fitting results of interaction term of Helmholtz free
energy per particle versus temperature.  The upper figure
shows the results of the cluster phase, and the lower the
monomer phase.

Fig. 13.   Helmholtz free energy change between cluster
phase and monomer phase.  The upper figure shows the
value per particle.  The lower figure shows value of the sys-
tem, a maximum is obtained about N = 40 at the tempera-
ture 0.67 ε/k.



Y. Yamada et al. Bull. Chem. Soc. Jpn., 76, No. 1 (2003) 87

[BULLETIN 2002/12/24 15:20] 02072

The two terms of the critical nucleus are also shown in the low-
er figure.

Discussion

In the usual classical theory, the free energy of homoge-
neous nucleation ∆G is expressed as a combination of surface
term and bulk term:1,2

∆G = γAs + ∆gV. (14)

The first term is the surface term; γ is surface tension and As is
surface area of the cluster.  The second term is the bulk term;
∆g is energy difference between the bulk phases and V is clus-
ter volume.  Since both As and V depend on the number of par-

ticles, the plot of ∆G against number of particles should have a
maximum.

On the other hand, in this study, the free energy of homoge-
neous nucleation is estimated by a combination of the internal
energy term and the entropy term, like in Eqs. 11–13.  The two
terms ∆U and T∆S are plotted against the number of particles
in Fig. 16.  As for the values per particle, both terms approach
to certain values with increase of N.  The internal energy term
has a lower asymptotic value and approaches more slowly to
the asymptote than the entropy term.  Due to this behavior of
the two terms, it is understood that the free energy of homoge-
neous nucleation has the following tendency.  At the region of
small number of particles, since the absolute value of the en-
tropy term is larger than the internal energy term, ∆A gives a
positive value and increases for a while.  However, the entropy
term is overtaken by the internal energy term with increase of
N.  As a result, the plot of ∆A against N has a maximum which
is similarly led by the surface and bulk terms in the classical
theory, and the cluster phase is more stable than the monomer
phase in sufficiently large systems.

Figure 17 shows a comparison of the nucleation free energy
between EOS and the classical theory at the temperature 0.67
ε/k.  The EOS curve shows the size of critical nucleus and the
critical nucleation energy as roughly double the values from
classical theory.  In comparison with the results of Yasuoka and
Matsumoto,1,2 the critical nucleation energy is overestimated
(ca. 14 ε in ours and ca. 6 ε in theirs) although the size of criti-
cal nucleus is in good agreement (30–40 in theirs).  However,
such a direct comparison is not adequate for the following rea-
sons.  On the cluster simulations, an initial-chosen density is
an overall value of the system, and the supersaturation ratio of
vapor phase has decreased along with the nucleation.  Yasuoka

Fig. 14.   Comparison between the two expressions for the
cluster phase system.  The solid curves show the interac-
tion entropy that is led from the expression for the interac-
tion energy (Eq. 9a) with Eqs. 5a and 6.  The dashed curves
are the expression for the interaction entropy, Eq. 9b.

Fig. 15.   Temperature dependence of the critical values of the
EOS.  The upper figure show the size of critical nucleus Nc

and the critical free energy ∆Ac, and the lower the critical
values of the internal energy term ∆Uc and the entropy
term T∆Sc.

Fig. 16.   Two terms of the nucleation energy versus the num-
ber of particles plots; solid curves and circles are the inter-
nal energy term ∆U, while dashed curves and squares the
entropy term T∆S.  Values per particle (upper) and about
the system (lower) are shown.
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and Matsumoto re-estimated the supersaturation ratio from
14.4 to 6.8 after the nucleation.1,2  Accordingly, the volume per
particle we set in this study, 43.2 σ3, is only available to the
monomer phase.  In the cluster phase system, all particles of
the system belong to a cluster and the circumference of the
cluster contains no particles, as if it were a vacuum.  The over-
estimation of the size of critical nucleus and critical nucleation
energy in this study is caused by the decrease of the supersatu-
ration ratio of vapor phase.

Oh and Zeng adjusted the upper limit of the size of nucleus
and the overall density of the system in their large-system sim-
ulation to control the supersaturation ratio of vapor phase.3  In
the cluster phase system of our simulations, it should be suit-
able to keep the vapor density at which new vapor particles are
inserted into the vapor region and sampled to avoid their con-
nection with the other vapor particles and the cluster.  How-
ever, since the calculation costs considerable time, especially
in the large system (in the case of N = 64, the run time was
about one month by the fastest computers in our laboratory),
some problems still remain in applications of this method.

Conclusion

We estimated free energy of homogeneous nucleation in su-
persaturated Lennard-Jones vapor phase with Monte Carlo
simulations.  Interaction term of entropy was defined by ther-
modynamic integration of interaction term of heat capacity,
and interaction term of Helmholtz free energy was calculated

with the interaction entropy and interaction energy.  The free
energies were separately estimated for the cluster phase and
monomer phase, and the difference was obtained as the nucle-
ation free energy.  Additionally, we performed a determination
of equation of state for the nucleation free energy as a function
of temperature and number of particles.  The determined EOS
well reproduced the nucleation free energy and agreed in the
size of critical nucleus with the results of recent studies.
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